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ABSTRACT

Different regimes of gravitational lensing depend on lens masses and roughly correspond to angular dis-
tance between images. If a gravitational lens has a typical stellar mass, this regime is named a microlen-
sing because a typical angular distance between images is about microarcseconds in the case when
sources and lenses are located at cosmological distances. An angular distance depends on a lens mass
as a square root and therefore, if a lens has a typical Earth-like planet mass of 107°M,,, such a regime
is called nanolensing. Thus, generally speaking, one can call a regime with a planet mass lens a nanolen-
sing (independently on lens and source locations). So, one can name searches for planets with gravita-
tional lens method a gravitational nanolensing. There are different methods for finding exoplanets
such as radial spectral shifts, astrometrical measurements, transits, pulsar timing etc. Gravitational micr-
olensing (including pixel-lensing) is among the most promising techniques if we are interested to find
Earth-like planets at distances about a few astronomical units from the host star.

© 2009 Elsevier B.V. All rights reserved.




1 nano angular second
2.5 cm coin from the Neptune orbit (4.5* 10*{9} km) (about
30 AU).

Millimetron is a future mission for space—ground
Interferometry. 12 m radio antenna has to be placed at the L2
point



MILLIMETRON

antenna diameter 12 m

range of wavelength 0.01 - 20 mm

bolometric sensitivity
(wavelength 0.3 mm, 1 h of integration)

-9
9-10 Jy (sigma)

interferometry sensitivity
space-ground (ALMA)
(wavelength 0.5 mm, bandwidth 16 GHz

integration of 300 s)
104 Jy (sigma)
beam of the interferometer

10°? arcsec
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History

2GM
e= 1
2R (1)
or
© ~ 0.87" (2)

for M = Mg and R = Rg.

Newton (Optics, 1704): "Does body act on the
light, is the action stronger for smaller distances?”

In 1801 J. Soldner presented his derivation of ex-
pression (1) for publication.

In 1911 A. Einstein derived the(1l) in SR.

In 1915, 1916 A. Einstein derived GR expression
for the bending angle of light

4GM
©=—z (3)
or
© ~ 1.75" (4)

and Einstein’s prediction was confirmed by A. Ed-
dington in 1919.
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aber, wie man sich leicht tiberzeugt, auf der erwihnten An-
pahme beruben.
< Damit haben wir die Untersuchung des Meridian-
instrﬁments abgeschlossen. Die Untersuchung der Winkel-
messung in den zur Meridianebene normalen Ebenen bringt,
wie man sich leicht iiberzeugt, keine neuen Resultate.
Zusammenfassend konnen wir also sagen: der Winkel-

messung legt die Annahme der euklidischen Kinematik des

§300
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starren Korpers zu Grunde. Die Verwendung optischer Hilfs-
apparate (Fernrohr, Mikroskop usw.) bringt keine neuen
optischen Annahmen mit sich. Die »Starrheit« der Instrumente
wird mit Hilfe unserer Annahme 2 und der Unabhingigkeit der
Abbildungsgesetze von der Richtung gepriift. Diese letztere
ist zwar noch nicht unmittelbar iiberpriift, kann aber durch
den Ausfall des Michelsonschen Versuches gestiitzt werden.

Wien, 1924 Febr. 15. Fr. Zerner.

Uber eine mdogliche Form fiktiver Doppelsterne.

Es ist gegenwirtig wohl als hochst wahrscheinlich an-
sunehmen, daf ein Lichtstrahl, der in der Nihe der Oberfliche
eines Stérnes vorbeigeht, eine Ablenkung erfihrt. Ist y diese
Ablenkung und y, der Maximumwert an der Oberfliche, so
ist yp=y=0. Die Grofe des Winkels ist bei der Sonne
yo == 177; es diirften aber wohl Sterne existieren, bei denen
7, gleich mehreren Bogensekunden ist; vielleicht auch noch
mehr. Es sei 4 ein groBer Stern (Gigant), 7" die Erde,
B ein entfernter Stern; die Winkeldistanz zwischen A und B,
von 7"aus gesehen, sei &, und der Winkel zwischen 4 und 7,
von B aus gesehen, sei §. Es ist dann

y=a+8.

‘Ist B sehr weit entfernt, so ist anndhernd y = e&. Es
kann also o gleich mehreren Bogensekunden sein, und der
Maximumwert. von e wire etwa gleich yo. Man sieht den
Stern B von der Erde aus an zwei Stellen: direkt in der
Richtung 78 und auBerdem nahe der Oberfliche von A4,
analog einem Spiegelbild. Haben wir mehrere Sterne 5, C, D,
so wiirden die Spiegelbilder umgekehrt gelegen sein wie in

Petrograd, 1924 Jan. 28.

Von O. Chwolson.

einem gewohalichen Spiegel, nimlich in der Reihenfolge D, €, 5,
wenn vort A aus gerechnet wird (D wiire am nichsten zu A).

-

Der Stern 4 wiirde als fiktiver Doppelstern erscheinen.
Teleskopisch wire er selbstverstindlich nicht zu trennen.
Sein Spektrum bestinde aus der Ubereinanderlagerung zweier,
vielleicht total verschiedenartiger Spektren. Nach der Inter-
ferenzmethode miifite er als Doppelstern erscheinen. Alle
Sterne, die von der Erde aus gesehen rings um 4 in der Ent-
fernung y,—# liegen, wiirden von dem Stern A gleichsam
eingefangen werden. Sollte zufillig 745 eine gerade Linie
sein, so wiirde, von der Erde aus gesehen, der Stern 4 von
einem Ring umgeben erscheinen.

Ob der hier angegebene Fall eines fiktiven Doppelsternes
auch wirklich ‘vorkommt, kann ich nicht beurteilen.

Q. Chawolson.

Antwort auf eine Bemerkung von W. Anderson.

Daf ein Elektronengas einer Substanz mit negativem
Brechungsvermdgen optisch #quivalent sein miifite, kann
bei dem heutigen Stand unserer Kenntnisse nicht zweifelhaft
sein, da dasselbe einer Substanz von verschwindend kleiner
Eigenfrequenz Hquivalent ist.

Aus der Bewegungsgleichung

X = pdix/d
einés Elektrons von der elektrischen Masse & und der pon-
derabeln Masse w folgt nimlich fiir einen sinusartig pendelnden
Prozefl von der Frequenz » die Gleichung
X = —(2mv)?px .

Berticksichtigt man, dafl ex das »Moment« eines schwingenden’

Elektrons ist, so erhilt man fiir die Polarisation p = »ex
cines Elektronengases mit » Elektronen pro Volumeinheit

p = —&nflp (2r0)’]- X .
Hieraus folgt, dafl die scheinbare Dielektrizititskonstante
D= 1+4mp|X = 1—&*nf{mp »?)
ist. VD ist in diesem Falle der Brechungsexponent, also
jedenfalls kleiner als 1. Es eriibrigt sich bei dieser Sachlage,
auf das Quantitative einzugehen. ‘

Es sei noch bemerkt, daBt ein Vergleich des Elektronen-
gases mit einem Metall unstatthaft ist, weil die bei der elemen-
taren Theorie der Metalle zugrundegelegte »Reibungskraft«
bei freien Elektronen fehlt; das Verhalten der letzteren ist
allein durch die Einwirkung des elektrischen Feldes und
durch die Trigheit bedingt. 4

Berlin, 1924 April 15. A, Einstein.

Zur Bemerkung von

In his note entitied »Zu Prof. Einsteins Bemerkung
AN 5233%, W. Anderson makes use of the well-known formula
for the index of refraction of a medium containing both free

W. Anderson AN 5269.

“of an electron gas is greater than unity, and that the conduc-
tivity is large. This assumption seems to be based onan erroneous
conception of dielectric constant and conductivity. In fact, if Hea-
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DISCUSSION

LENS—L]KE ACTION OF A STAR BY TI{E
DEVIATION OF LIGHT IN THE
GRAVITATIONAL FIELD

Smﬂ:hmeag!:-,R.W Man&.lpmﬂmeama.tand
asked me to publish the results of a little ealeulation,
which T had made at h'ls request. This note complies
with hiz wish.

The light coming from a star A traverses the gravi-
tational field of another star B, whose radius is R,.
Let there be an observer at a distance D from B and
at 4 distance «, small eompared with D, from the ex-
tended eentral line 4B, According to the general
. theory of relativity, let x, be the deviation of the light

ray passing the stor B at a distance R, from its center.

Tor the sake of simplicity, let us: assume that 4B
iz large, mmparaﬂ with the distance I of the observer
from the deviating star B. We also neglect the eclipse
(geometrical obseuration) by the star B, which indeed
is negligible in all praetically important eases. To
permit thiz, 7 has to be very large compared to the
radius B, of the deviating star,

It follows from the law of deviation that an observer
situnted exacily on the extension of the central line

4B will perceive, instead of a pointlike star 4, a

lmmmus eirele of the ang:ﬂa.r radms B aroun-ﬂ. the
center of B, where

It should be noted that this anig-ular diameter B does
_ not decrease like 1/, but like 1.[\;”13 as the distance
D increases.

Of eourse, there is no hope of ahs&rvmg this phe-
 nomenen directly. First, we shall searcely ever ap-
'proaub, closely cnongh to such a central line. Second,
the angle B will defy the resolving power of our
instruments. For, «, being of the order of magnitude
of one seeond of are, the angle R, /D, nnder which the
deviating star B is seen, is much smaller. Therefore,
the light coming from the luminous cirele can not be
" distinguished by an observer as geometrieally different
~ from that coming from the ster B, but simply will
manifest itself as inereased apparent brightness of B.

The same will happen, if the observer is situated at
s small distance » from the extended central line AF.
But then the observer will sez 4 as two point-like
light-sources, which are deviated from the frue geo-
metrieal position of 4 by the angle B, approximately.

l the ratio g.
. unity only if £ is so small that the observed positions
- of 4 and B eoincide, within the resolving power of out

The apparent brightness of 4 will be inereased by
the lens-like action of the gravitational field of B in
This g will be considerably larger than

instruments.  Simple grometric ﬁunmdamtmns ]ead
- to the expression b
| 1. 5 :
4 I
= E '—’=|
: \i+gE
whaere S :
: 1= VDR,

 If we are interested mainly in the case g # 1, the for-
- mula - : : ;

a=_

fiis .2 :
is a sufficient approximation, since % may be neglected.

Even in the most favorable cases the lengtih 1is only
a few light-seconds, and = must be small compared
with this, if an appreciable increase of ihe apparent
brightness of A4 is to be produeed by the lens-like
action of B,

Therefore, there is no gneat- chance of a'bsarﬂng
this phenomenon, even if dazzling by the light of the
much nearer star B is disregarded. This apparent
smphﬁcsimn of g by the lens-like action of the star
B is a most eurious effect, not g0 mnggh for its heeom-

| ing mﬁmt@ with @ vanishing, but sinee with inereasing
distance D of the observer not only does it not decrease,

but even inereases proportionally to '\,:’_E’
. :  Aipegr Emvstemy
INBTITUTE FOBR ADVANCED STUDY,
PrixceTor, N. J.
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Nebulae as Gravitational Lenses

Einstein recently published! some calculations concern-
ing a suggestion made by R. W, Mandl, namely, that a star
B may act asa “gravitational lens” for light coming from
another star 4 which lies closely enough on the line of sight
behind B. As Einstein remarks the chance to observe this
effect for stars is extremely small.

Last summer Dr. V. K. Zworykin (to whom the same
idea had been suggested by Mr. Mandl) mentioned to me
the possibility of an image formation through the action of
gravitational fields. As a I made Icul.
tions which show that extragalactic nebulae offer a much
better chance than stars for the observation of gravitational
lens effects.

In the first place some of the massive and more concen-
trated nebulae may be expected to deflect light by as much
as half a minute of arc. In the second place nebulae, in
contradistinction to stars, possess apparent dimensions
‘which are resolvable to very great distances.

Suppose that a distant globular nebula A4 whose diam-
eter is 2¢ lies at a distance, a, which is great compared with
the distance D of a nearby nebula B which lies exactly
in front of A. The image of A4 under these circumstances
is a luminous ring whose average apparent radius is
8= "(yord/ D)}, where v, is the angle of deflection for light

passing at a distance r, from B. The apparent width of the

ring is AG=Ea. The apparent total brightness of this
luminous ring is g times greater than the brightness of the
direct image of A. In our special case g=2la/tD, with
I=(ygraD)L. In actual cases the factor ¢ may be as high as
g=100, corresponding to an increase in brightness of five
magnitudes. The surface brightness remains, of course,
unchanged.

The discovery of images of nebulae which arc formed
through the gravitational fields of nearby nebulae would
be of considerable interest for a number of reasons.

(1) It would furnish an additional test for the general
theory of relativity.

(2) It would enable us to see nebulae at distances greater
than those ordinarily reached by even the greatest tele-
scopes. Any such extension of the known parts of the uni-
verse promises to throw very welcome new light on a
number of cosmological problems.

(3) The problem of determining nebular masses at
present has arrived at a stalemate. The mass of an average
nebula until recently was thought to be of the order of
My=100 M ¢y, where M is the mass of the sun. This esti-
mate is based on certain deductions drawn from data on
the intrinsic brightness of nebulae as well as their spectro-
graphic rotations. Some time ago, however, [ showed?
that a straightforward application of the virial theorem to
the great cluster of nebulae in Coma leads to an average
nebular mass four hundred times greater than the one
mentioned, that is, My' =4X10"M . This result has
recently been verified by an investigation of the Virgo
cluster.* Observations on the deflection of light around
nebulae may provide the most direct determination of
nebular masses and clear up the above-mentioned
discrepancy.

THE EDITOR

A detailed a ¢ of thi: probl ketched here will
appear in Helvetica Physica Acta.
. ) F. Zwicky
N&]iimnh Euitum o?’{‘!e‘:hnulogn
FPasadena,

January 14, 1937
1 A, Einstein, Science 84, 506 (1936)

1 .
*F, Zwicky, Helv. Phys. Acta 6, 124 (1933).
'Sindair&ni!h.ABﬁv::I-w&J.B.%SElﬂﬂ %

Emergence of Low Energy Protons from Nuclei

In some experiments recently described® the emission of
protons in alpha-particle induced transmutations has been
studied. In several cases the interesting fact was noticed
that protons of relatively low energy were emitted in
considerable numbers. Thus for each of the reactions

Al +HetSi0+111,
P# HelsS® LHY,
CIs 4+ HelsA® +HY,
Cat*4Hel—sSet+HL,

a group of protons of maximum range 20 cm or less is found
and the yield is in general large (more than one-third of the
total number of protons emitted). In each case protons of
range 10 cm are observed with no apparent diminution of
the probability of emission. The question arises as to how
these low energy protons get out of the composite nueleus.
In recent experiments in this laboratery the excitation
curve {or the emission of neutrons from argon under alpha-
particle bombardment has been plotted and the nuclear
radius found to be 7.3 1075 cm which is in accord with
Bethe’s revised radii for the radioactive elements? and may
be taken as a basis for calculation of the nuclear radii of
Si®0, 5%, A%, Ca*® and Sc%. Other evidence (e.g., scattering
experiments) indicates, if anything, smaller radii than those
found in this way. In Table I are given the radii so calcu-
lated, together with the heights of the corresponding proton
barriers and the range of a proton just able to surmount
them. It will be seen that in every case the experimentally
observed ranges are smaller than necessary to scale the
barrier. It therefore appears that we can draw one of two
significant conclusions from the experimental data. Either
barriers to emerging proions are abnormally low or the com-
‘posite nucleus containing the final product element and the
proton has a finite lifetime sufficiently long lo enable the
proton lo leak through the barrier. The latter view, which is
in accordance with Bohr's conception of transmutation,?

TanLe I,
PrOTON RANGE EXPERI-
NucLEAR BARRIER TO SCALE MENTALLY
Rabros HEGHT BARRIER Fouxp
Nuctrus | (X 10%cm) (Mev) (em) Rance
Sip 6.7 3.0 14.0 <10
S# 6.9 3.3 16.5 <10
A= 7.2 3.6 19.0 <10
Cat 74 3.9 22.0 14
5S¢ a5 4.0 23.0 <10




Constraints on DM objects from GL

(Wambsganss(1993))
Prefix | Deflection | Mass Lens Time
angle (") | M/My delay
kilo 103 1018 | supercluster
macro 10Y 101 galaxy months
milli 10~3 10° MBH min
micro 10~ 10Y star 104 sec
nano 10— 10~° planet 101V sec
pico 10—+= 10—+ 777 10~19 sec
femto 10~ 13 10~1° comet 10—4< sec
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Notations and expressions

7 = Ds€/Dg — DgsS(§). (5)
For Schwarzschild GL
S(&) = 4GME/(c*€?). (6)

If 7 = G then

¢ — [AGM DDy
0= C2 D.s

is Einstein — Chwolson radius and

00 = &o0/Dy (7)
is Einstein — Chwolson angle. If we introduce di-
mensionless variables Z = 5/50, ¥ = Dsij/(&0Dy4) then

§=7Z—&/z°. (8)

The Eq. (8) has two roots

1 1 1

—O:t v d

=gl=+,/>+>% 9
z y(2 2t 2 (9)
and

_ 1 1
I=|z"|+ |zt =2y it (10)




If we introduce 6 := £/Dy, 8 = 77/ Ds then the mag-
nification of GL mapping is

Aw o8 oy
= — = |det— = |det — 11
K= Awg ‘ | o0& (1)
and
il y Va4 + y2
bt = + +2]. (12)
Va4 +y2 y
Therefore,
)
=12
— = , 13

thus ptotal — 1/y (for y — 0) and ptota) — 1+ 1/y*
(for y — o0).

If M ~ Mg and Dy ~ 10 kpc then

1/2 1/2
6o = 0.902mas (ﬁ) (10 kpc) (1 -~ ﬂ) ;
Mo, Dy Ds

and angular velocity
. df 10 k
6= —122 v U BREY MBS ryay
dt 200 km/s Dy yr
Therefore a typical duration is

1/2 1/2
t0=9—.°=.214 M Dy x  (15)
a M@ 10 kpc

Dg\ /2 (200 km/s
X (1_33) (T yr.  (16)
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Let us consider the following elementary case of the
general situation. Namely we add together the monopole
field of a point mass and the gravitational field of another
point mass located at a distance r» from the primary point
mass. So, the gravitational lens potential has the following

Therefore, in the gravitational field of the system of fixed
gravity points the deflection angle of a light ray is approxi-
mately equal to
4GM & 4Gm &—§,

2 22 = e ] 2

< £ A =Y

O&) =

where & and &, are variables of length dimensionality, & is the
light ray impact parameter with respect to the primary point
mass, and &, is the lens plane projection of the distance
between the points. One can choose the coordinates in the
following way: the position of the second point mass is
defined by the expression &, = {a,0).

Light motion in the gravitational field of two fixed gravity
points and the respective gravitational lens equation are very
complicated [13]. We simplify the expression for the deflec-
tion angle (&) as far as possible for the analysis of major
optical effects of the formation of images, their intensities etc.
For this simplification we decompose @(§) into a Taylor
series with respect to &, leaving terms up to the first order in &
inclusively:

2rel  2r ] 2rg§ " 4re85(5:8)

o) = =4 iy
A L 3

where p is the mass ratio. We write the gravitational lens
equation for the case
2ryS
&
41,85 (&;8)

&

D,
n_ﬁé—zrngSg‘éf—i_#Dds

- 2r, ,
+ uDgy _g‘?% - .MDds

£




then the visible image position characterized by the vector & is
shifted and does not lie on the line connecting the gravita-
tional lens center and the light source as in the case of a
spherically symmetric gravitational [eld.

We also introduce the following variables
n Dy Dyus Dy 27,5, and g

YT Re D, M ReD, TG T Re

which are normalized on the Einstein— Chwolson radius
R} = 4GMD D4/ (> D) and respective distances. Thus, the

gravitational lens equation (the relation between y and x) has
the following form:

X 1 0
y:x—lxlz—f"lf'(o *1>x1

where y = u(Rg/a)” is a parameter characterizing the action
of the second mass on the light ray. To obtain a simpler form
of the gravitational lens equation we change variables again

_ ¥
X—xvT¥7, Y=ol (14)

We rewrite the gravitational lens equation using these
variables. The equation looks more compact and clear now,
and has the following form:

1l Bl X

Y—(O A)X —‘X‘z, (15)
where

_1—v

T4y

The amplification factor A4 is equal to the inverse of the
determinant (the inverse of the Jacobian of the gravitational
lens mapping):

oy i

A = C—

ox

but the critical curves for the gravitational lens (the geometric
locus on the lens plane, where the amplification factor is equal
to infinity) and caustic curves (the geometric locus on the
source plane, where the amplification factor is equal to
infinity) are determined from the condition of vanishing
dcterminant, namely
oY
det A — det X 0.




but the critical curves for the gravitational lens (the geometric
locus on the lens plane, where the amplification factor is equal
to infinity) and caustic curves (the geometric locus on the
source plane, where the amplification factor is equal to
infinity) are determined from the condition of vanishing
determinant, namely

det A = det o 0.

0X

We rewrite the condition for the components X in the

explicit form:

ACEF + X4 {4 — D{EF — 2F) — 1 =0, (16)

These curves are called Cassini ovals [14]. This condition
looks clearer in polar coordinates on the lens plane. We
introduce the following notation for polar coordinates:

4Y1 = pCos (lb 5 Xj_s =p sin (f) .

Using the coordinates p, ¢ we rewrite the equation for
Cassini ovals:

Ap* + (A= 1DpPcos2¢p—1=0.




If we use the gravitational lens mapping then the map of
the oval onto the source plane will form a caustic curve. To
obtain the mapping equation we substitute the equation of the
Cassini oval into the gravitational lens equation and obtain

Yi=Acos’¢p, Yr=—Asin’o. (18)

So, the critical curve (Cassini oval) is close to a unit circle, but
the caustic curve is an astroid in the approximation used.

If we suppose that one point mass is much greater than the
other (mj < my), and the major semiaxis is equal to the
Einstein — Chwolson radius « = Rg, we will have
A = 2my /m;. The caustic curve (the astroid) for such a case
is shown in Fig. 5. If we use the normalized variables X the
Einstein — Chwolson radius will be equal to unity, but the
transverse caustic size will be mz/n times smaller.

0.002
Y2

—0.002

—0.002  —0.001 0 0.001 Y 0.002

Figure 5. Caustic curve for the case of two point masses when one of the
masses is much greater than the other (¢ = 0.001, @ = Rg).
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The gravitational lens equation near cusps

P. Schneider and A. Weiss

Max-Planck-Institut fiir Astrophysik, Karl-Sch
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Abstract. The behaviour of the gr 1 lens mapping near
cusps is studied, both analytically and numerically, paying par-
ticular attention to magnification probabilities. We demonstrate
that the three images of a point source inside a cusp satisfy the
relation that the sum of the magnifications of the two images
with the same parity equals, up to a sign, the magnification of
the third image (of opposite parity). This property will then be
used to show that the asymptotic magnification cross-section for
point sources, in the limit y, — oo, derived previously for folds
only, is also valid in the presence of cusps. The next order term of
such an expansion, which is due to sources just outside ofcunps,
is derived. We apply these relations to a special gravi

hild-Str. 1, W-8046 Garching bei Miinchen, Federal Republic of Germany

a generic lens mapping, the critical points form closed, smooth,
non-intersecting curves (so-called critical curves), and their image
curves under the mapping f are the so-called caustics. They are
also closed curves, but can intersect each other. self-intersect, and
are not necessarily mooth but can have euspu.

Caustics are an i t ingredi I lens
theory, for several reasons. First, the numbm' of images of a
source changes by £2 if, and only if, the source position changes
across a caustic. Hence, knowing the structure of the caustics
allows a qualnatlve understanding of the lens mapping, at least
cono&mlng 1mase multiplicities. Also, if one considers families of

lens model and show that these asymptotic relations are indeed
very good approximations for the large-y; cross-sections. For
the study of the magnification of extended sources near cusps,
we generalize the ray-shooting method to allow for very small
sources. The magnification cross-sections for extended sources
are then compared to those for point sources. A magnification

‘plot for ded near a cusp is obtained. Since
the largest magnifications of sources occur near cusps, this paper
may directly apply to studies of the amplification bias in source
counts.

Key words: gravitational lensing, Catastrophe Theory

1. Introduction

The gravitational deflection of light, in the approximation of gray-
itational lens theory, can be described by a mapping f : R? — R?
from the lens plane (or a small part of the observer’s sky) to the
source plane (or the corresponding part of the sphere of constant
source redshift). In the case of a single geometrically-thin deflec-
tor, this is a gradient mapping (for an introduction to gravita-
tional lens theory, see Blandford & Narayan 1986, hereafter BN;
Blandford & Kochanek 1987; Schneider, Ehlers & Falco 1992,
hereafter SEF). The behaviour of such a gradient mapping near
critical points, i.e., points where the Jacobian of the lens P

vanishes, is mveshgated and classified by Catastrophe Theory
(e.g, Poston & Steward 1978; Gilmore 1981; for applications in
gravitational lensing, see BN; Kovner 1987a; SEF, Chap.6). In

Send offprint requests to: P. Schneider

he Theory allows to predict the param-
mr values of thc models at which the caustic structure changes,
thus allowing a classification of parametrized lens models (for
an example, see Erdl & Schneider 1992). Second, the magnifi-
cation of a source, which is due to the area distortion of the
lens mapping (ie., the inverse of the Jacobian) becomes largest
if the source is near a caustic. In particular, to determine the
probability distribution for very large magnification of sources,
one has to consider the lens mapping near caustics only.

A generic lens mapping has only two types of singularities,
folds and cusps. At fold points, the caustic is smooth. A source
on the “positive side” of a fold has two images close to, and on
opposite sides of the corresponding critical curve. By approaching
the caustic, the two critical images move closer together, thereby
brightening. At the point where the source crosses the caustic, the
two images attain (formally) infinite magnification (in practice,
a finite source size leads to finite values of the magnification,
but if we had a sufficiently compact source, wave optics effects
would limit the magnification; see Chap.7 of SEF and references
therein), merge and disappear thereafter. The magnification of
a point source scales like 1/,/¥, where y is the distance of the
source from the caustic. Considering folds only, the magnification
probability of point sources in the limit of high magnifications,
1 — 0, behaves like u 2, and the constant of proportionality can
be derived as a particular integral over the critical curves of the
lens mapping (see BN, SEF, and Sect. 2.4 below).

The derivation of this probability distribution neglects the
fact that cusps show a different behaviour. The standard argu-
ment implicitly used is that “cusps form a set of measure zero in
the set of all critical points™; one therefore expects that cusps do
neither change the shape, nor the amplitude of the p(u) o p—?
law, Cusps are isolated points, connected by folds. A source close
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Fig. 5. Magnification contours around
a generic cusp. The source radjus cho-
sen for this plot was 5107, The con-
tour levels range from 3 to 10 in steps

be the following: select a region in the source plane such that all
points with magnification > y lie inside the selected region (this
region, in the case of the Chang-Refsdal lens, is preferentially
chosen as a rectangle). Then, distribute N point sources inside
this region (with area /). calculate their magmﬁmtluns from
the lens equation, assign to each point a differential

of one, and then to 80 (central con-
tour) in steps of 5.

Squares are ‘interesting’ if they have high magnification, if’
the gradient across the square is large, or if a caustic crosses the
square (these conditions are not mutually exclusive, of course).
‘We have defined numerical criteria according to the preceding
prescription of ‘interesting’; for example, if the ion of a
square at hi hy level n is larger than g, the square is further

da = o/ /N and add up these differential cross-sections, If the
N points are distributed randomly, we can easily estimate the
number of points required for a given I o/ ~ 4, and
a(10°) ~ 4 x 107 (typical values for the Chang-Refsdal lens),
then Nygp ~ 107N points will have magnification > 10°, If the
cross-section is to be determined to within an accuracy of 103,
we would need N = 102 points — a hopeless task. The situation
is slightly better if the points are not distributed randomly, but
on a regular grid. Nevertheless, even then the computing ume
would be much too large for calculating accurate cross.

for large p.

To overcome these difficulties, we use a hierarchical method,
based on the idea ‘to use the computing time for interesting source
positions’. For example, we want to distribute a higher density
of points in regions where the magnification is large. Ideally.
the number of source positions should be the same for each
logarithmic bin of magnification, so that the statistical accuracy
is smooth over the whole g-interval considered. We now describe
such a method applicable to point sources; a similar method
has been used for extended sources, as described in the next
subsection.

Consider the area o to be divided up into N squares. If
the magnification at the center of a square is p,, We assign
to this square a differential cross-section da(p,) = &/N. If
this particular square is ‘interesting’ (we will specify this below),
we can divide it into four subsquares and again calculate the
magnification at the center of each (the ponding
differential cross-section thenls d/(d-N)) If one or more of these
subsquares appears again ", further divisions can be

‘made; we can go down this hleraﬂ:hy n.! far as desired.

divided (it was found that jiy; = i, 10°° is a good splitting
criterium). Further, if the magnification factors at the corners of
a square differed by more than 0.5, subdivision was applied. For
the calculations shown in this paper, 14 hierarchy levels were
used.

The solutions of the lens equation, and thus the point source
magnification, can be calculated for the Chang-Refsdal lens, using
the equations of Sect.3. For each source position, one has to
solve the fourth-order equation (3.3b), insert the real solutions
into (3.3a), and caleulate the magnification of each individual
image. In ion with the hi I splitting of the source
plane as described above, we have implemented an efficient and
reliable method to solve Eq. (3.3a). This method will be described
next; however, another method of solving the lens equation, to
be described later, turned out to be superior in the situation
considered here.

The Chang-Refsdal-equation in the form of Eq.(3.3b) can
in principle be solved by any reaaonabl: root-finder for poly-

ials or other well-behaved Indeed, some of the
root-solvers (e.g. fmm Press et al, 1986) worked well for most
of the tested source positions, but with no exception all failed
for those being close to cusps. The reason lies in the fact that at
cusps a terrace point in the fourth-order polynomial f(u) (given
by (3.3b)) develops into a pair of extrema, or, in other words,
a single root changes into three. All tested standard root-solvers
gave the wrong number of roots of f(u) on either side of the
cusp! Numerically, a root cannot be found with an accuracy
higher than =~ 10°% for Doelﬁmems of (3.3b) of the order of one
by propagation of the hi into the powers of u.
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Abstract. On the base of the gravitational lens equation ob-
tained by Schneider & Weiss the magnification of images near
a cusp is investigated. Using the symmetrical polynomials on
the roots of the polynomial of the third degree we slightly gener-
alize the Schneider & Weiss statement on the magnification near
different solutions of the gravitational lens equation. The ana-
Iytical expressions for magnifications of different images near
the cusp are presented.

Key words: gravitational lensing
1. Introduction
It is well known that the mapping of two-di | surfaces

intoaplane gives only two types of stable singularities: folds and
cusps (pleats). There are also similar singularitics of caustics in
gravitational lens optics. Schneider & Weiss (1986; 1992) stud-
ied the gravitational lens mapping near the cusps. Mandzhos
(1993) investigated the mutual coherence by solving analyti-
cally the gravitational lens equation near the cusp. In turn, we
study the magnification near the cusp and obtain a uscful ana-
Iytical expression for it.

2. Basic equations

‘We recall the basic equations from Schneider & Weiss (1992)
before idering their gravitational lens equation near the
cusp. Asis shown in Schneider, Ehlers & Falco (1992), hereafter
SEF, the gravitational lens equation may be written in the fol-
lowing form: let the distance between an observer and a source
be Dy, the distance between an observer and the gravitational
lens be Dy , and Dy, be the distance between the gravitational

where the vectors 7, £ define the coordinates in source plane
and in the lens planc respectively (SEF),

BE&)=4G/ [ p(R) (€~ R) /| € — RJ* dXdY,

where R={X,Y} is the point vector in the lens plane, p(R)
is the surface mass density of the gravitational lens. We intro-
duce the following variables (SEF)

@ =§/Ry, y=Dyn/(RoDy),

where Ry = \/2r, DDy, /D, is the Einstein - Chwolson ra-
dius (see Historical Remarks in SEF ). We also introduce the
following notation for the scaled (SEF) angle

o= Dy, Da/(D,Ry).

In the modelling of gravitational lenses, the surface mass density
is normalized with the critical surface mass density (Wamsganss
1990)

__ @D
Per = 4nGDyDas’
For typical lensing situations the critical surface mass density
is of the order of p., = 10* Mgpe ™2 (Wamsganss 1990). There-
fore, if we define the scaled surface mass density by the follow-
ing expression (SEF)

o= p/per
then we have the expression for the angle

a(x) = [o(@')e —z')/|z — z'|* o'

lens and a source, If we suppose a small angle of deflection then
we have the following simple ion for the lens

(SEF) )

n =D, &Dy + Dy, BE),
Send offprint requests to: A.F. Zakharov

As Schneider (1985) showed, we may introduce the scalar po-
tential 3, such, that

alx)= V) (x),
where

© European Southern Observatory ¢ Provided by the NASA Astrophysics Data System
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Y x)= [o(@)In |z —a'| i

Then (SEF)
y=z—alx) (8)]
1f we introduce (as in SEF)
G (@yy) = (@ —y)P/2 — ()

we can write the lens equation in the form (Schneider 1985)
Vi (z,y)=0.

It is easy to see that mapping = +— ¥ is a Lagrange mapping
(Arnold 1979), since that is gradient mapping (Arnold 1983).
Really, if we consider the function

S=a? [2- (),

y=VS5.

Singularities of Lagrange’s mappings are described in
Arnold’s paper (1972), and in Arnold’s review (1983), and their
bifurcations are described in Arnold’s paper (1976).

Equation (1) defined the mapping of points on the lens plane
into points on the source plane. Using the Jacobian matrix we
define the local mapping (SEF):

Sy=Aébz,

4= (onfoms omjom) (S0 ) @

where

_ ™y
iy = m(‘:ﬂ =1,2). 3)

Let us consider lenses which are systems of point masses. Out-
sides the points where the masses are located, we have the fol-
lowing equality ( SEF)

Y2 =~ @)

since the potential obeys the Laplace equation.
The magnification of an image at @ is

w)=1/det A ),

since the distortion of the transformation is determined by the
Jacobian matrix. The singular points of the mapping are char-
acterized by

det A(x)=0

(where the mapping is not one-to-one ). The set is formed by
so-called critical curves (SEF).

Since det A(¥'“") = 0 (at points on the critical curve), it is
possible to find coordinates with ¢y # 0,¢1; = ¢z = 0. As
shown in Schneider & Weiss (1992), the lens equation near the
cusp can be represented as

o= et %222,

1 = bnizs +az’, (5)
wherea = $dnn, b= ¢, c= ¢y andc £ 0,b # 0,200 — b #
0. It was shown in SEF that additional terms do not affect the
local properties of the mapping. It is possible to sec that by the
direct comparison of terms (for example the term with ¢y2 is
smaller than the term with ¢,) or using Newton’s polygon or

Bruno's truncating rules (see for example Bruno 1989). Similar
to Schneider & Weiss (1992), we introduce the notations

c

b=fm, b=, hi=w/b ﬂz=%w, ©)

then we have

1
ho= & +58,
fh = &8+ 583,

where s = ac/b?. We also introduce § = 1 —2s, i =
241/38, 2 =§2/S; then we have (Schneider & Weiss 1992)

s, 1
&= S0 —;_-‘Eg, (7

2} — 3Gidy+ 21 = 0. (8)
3. Statement on the magnifications of images near cusps
‘We recall that (Schneider & Weiss 1992)

= et Ay, a=ty, ©
det A = b2 det A = B[ +(3s — 1)23). (10)
Consider the magnifications for different images of one point
inside the cusp. We show below that the following equality is
valid for all sources inside the cusp
AN+ 4@ 4 5 = 0. (an

1t is clear from Eq.(11) that we have the statement of Schneider
& Weiss (1992) that

I = 1% + 4. a2)

© European Southern Observatory * Provided by the NASA Astrophysics Data System
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Tt should be mentioned that Eq. (11) follows from Schneider and
Weiss Eq.(2.3) (Eq. (12) of our paper) plus their comment on the
paritics after their Eq.(2.33b). We use the following expression
for magnifications

; 1
W 13
K P Gs - naPy a

or using Eq.(7)
; 2
W= 14
B S - e 18
Therefore it is necessary (o prove that
1 1 1
g + =0 (15)
- @2 0 - PR - GPP
or that
357 — 20 (@) + @) + @1+
HEDEPY + @207 + PP = 0. (16)

Vieta’s theorem applied to Eq.(8) yields

)

PONPICI
1 1
780 + 8020 + 220

0,
—3;.

If we express the symmetric power polynomials in terms of
symmetric elementary polynomials we have

@5 + @+ @) = o, an
@20 + @80 + @)Y = o, (18)
Thus we obtain (16). Similarly we have

Q= ‘a(i)ﬁmﬂﬂ'l (19)

(35')3@3 7Y’
—3y1
(G3S2G - B)

Therefore we get an equation of third degree for the magnifi-
cation of different images of a point inside the cusp

i+ pji+i =0, (21)

where fi = /8,5, = pi(39)2, G = (351 If 7} > 73 then
the discriminant for the pure cubic equation

o e
i a\ __-B
D=|=] +{=
ONOR-= -
is negative and we have three solutions of the Eq.(21) (see for
example, Bronstein & Semendjajew 1980). Namely, we have

m= ﬂ_(lJ pﬂ) e n(l}p(!) " ﬁ&)p{l) 20

0.06 T T

-0.08[ s s
-0.05 -0.00 008 o1

Fig. 1. Magnification contours around a cusp for the sum of abso-
lute values of magnifications of all images. The contour levels are
1024, -1<i< 14

for a point inside the cusp region

o [3—
(1 2 ] cos'[ Jﬁﬂ
e L 5 ; @)

—1 |, /-5
s - _2 = [ W,

gl
B =3 ﬁ—ﬂ%ws 3 +T . (23)

B = ; \/; i [ﬂ 4" (24)

and we have only one solution for a point outside the cusp region

e \/\/ﬁ*’%*\/\ﬂ)‘z -
VE-7

Itis possible to calculate the magnifi of the images from
the direct solution of the gravitational lens equation near a cusp.
Namely, we solve Eq.(8) and use Eqs.(7),(9),(10). After that we
also obtain the expressions for magnifications.

23)

4. Discussion

In Fig. | we present the contours for the sum of absolute values
of magnifications of images near the cusp. Note that the alge-
braic sum of the values is equal to zero and that there are three
real solutions of the gravitational lens equation in the cusp re-
gion. The are plotted by using expressions (22-25). Itis
possible to compare Fig. 1 with the similar figure from Schnei-
der & Weiss (1992) that was obtained using the ray - shooting
method (see, for example, Wamsganss 1990). Figure 1 shows
clearly the cusp type singularity.
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EXTENDED-SOURCE EFFECT AND CHROMATICITY IN TWO-POINT-MASS MICROLENSING
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Institute of Theoretical Physics, Charles University, Prague, Czech Republic; pejcha@astronomy.ohio-state.edu, and heyrovsky@utf.mff.cuni.cz
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ABSTRACT

We explore the sensitivity of two-point-mass gravitational microlensing to the extended nature of the source star,
as well as the related sensitivity to its limb darkening. We demonstrate that the sensitive region, usually considered
to be limited to a source-diameter-wide band along the caustic, is strongly expanded near cusps, most prominently
along their outer axis. In the case of multicomponent caustics, facing cusps may form a region with a non-negligible
extended-source effect spanning the gap between them. We demonstrate that for smaller sources the size of the
sensitive region extending from a cusp measured in units of source radii increases, scaling as the inverse cube
root of the radius. We study the extent of different sensitivity contours and show that for a microlensed Galactic
bulge giant the probability of encountering at least a 1% extended-source effect is higher than the probability of
caustic crossing by 40-60% when averaged over a typical range of lens-component separations, with the actual
value depending on the mass ratio of the components. We derive analytical expressions for the extended-source
effect and chromaticity for a source positioned off the caustic. These formulae are more generally applicable to any
gravitational lens with a sufficiently small source. Using exactly computed amplifications we test the often used
linear-fold caustic approximation and show that it may lead to errors on the level of a few percent even in near-ideal
causfic-crossing events. Finally, we discuss several interesting cases of observed binary and planetary microlensing
events and point out the importance of our results for the measurement of stellar limb darkening from microlensing
light curves.

Key words: binaries: general — gravitational lensing — planetary systems — stars: atmospheres
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Figure 16, Geometry of a generic cusp caustic given by Equation (A2). Left panel: cusps for six values of K, with K > 0 curves drawn bold and K < 0 thin. Cusps
with | K| = 1, 8, and 0.125 are marked by solid, dashed, and dot-dashed lines, respectively. Right panel: amplification contours for lensing by a generic cusp (bold
curve). Contour values in units of [K b |~! are spaced by a factor of 2!/2; outside the cusp levels range from the outermost 273/2 to the innermost 23, inside the cusp
from the rightmost 2%/ to the leftmost 2°. With axes marked in units of K, the right panel is valid for an arbitrary cusp.
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APPENDIX
AMPLIFICATION OF IMAGES FORMED BY A CUSP

Ao choovimm hhayr Qrhnaidaos U0 Ao A 1007 tha lanag anmiiatine

a function of the image position (Schneider & Weili 1992).
Zakharov (1995, 1999) presented an elegant alternative method
for obtaining image amplifications as a function of the source
position, without explicitly solving the lens equation. From the
general properties of the roots of the image equation, Zakharov
derived a simple cubic equation for the amplification, the roots
of which are the amplifications of the images. We reproduce
the main results here because of a few typos appearing in the
original papers. A point source satisfying y? < K -1 yﬁ lies
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Planet discovery with ML with
the lowest mass

(J.-P. Beaulieu et al. Nature,
2006



Planet discovery with ML with
the lowest mass in 2006 (now
people find a planet with a mass

about 2 Earth masses, see Mayor
et al.)

(J.-P. Beaulieu et al. Nature,
2006)
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Figure 1 : The observed light curve of the OGLE-2005-BLG-390 microlensing
event and best fit model plotted as a function of time. The data set consists of
650 data points from PLANET Danish (ESO La Silla, red points), PLANET Perth
(blue), PLANET Canopus (Hobart, cyan), RoboNet Faulkes North (Hawaii,
green), OGLE (Las Campanas, black), MOA (Mt John Observatory, brown).
This photometric monitoring was done in the | band (with the exception of
Faulkes R band data and MOA custom red passband) and real-time data
reduction was performed with the different OGLE, PLANET and MOA data
reduction pipelines. Danlsh and Perth data were finally reduced by the image
subtraction technique'® with the OGLE plpellne The top left inset shows the
OGLE light curve extending over the previous 4 years, whereas the top right
one shows a zoom of the planetary deviation, covering a time interval of 1.5
days. The solid curve is the best binary lens model described in the text with a
planet-to-star mass ratio of g = 7.6 + 0.7 x 10, and a projected separation d =
1.610 £ 0.008 Re (where RE is the Einstein ring radius). The dashed grey curve
is the best binary source model that is rejected by the data, while the dashed
orange line is the best single lens model.
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Figure 2 : Bayesian probability densities for the properties of the planet and its
host star. The individual panels show the masses of the lens star and its planet
(a), their distance from the observer (b), the three-dimensional separation or
semi-major axis of an assumed circular planetary orbit (c) and the orbital period
of the planet (d). The bold, curved line in each panel is the cumulative
distribution, with the percentiles listed on the right. The dashed vertical lines
indicate the medians, and the shading indicates the central 68.3% confidence
intervals, while dots and arrows on the abscissa mark the expectation value and
standard deviation. All estimates follow from a Bayesian analysis assuming a
standard model for the disk and bulge population of the Milky Way and the
stellar mass function of ref. [23], and a prior for the source distance Ds=1.05
+0.25 Rec (where Rge= 7.62 = 0.32 kpc for the Galactic Centre distance). The
medians of these distributions yield a 5.5%7 Earth mass planetary companion
at a separation of 2.6*32 AU from a 0.22*)3IM, Galactic Bulge M-dwarf at a
distance of 6.6 + 1.0 kpc from the Sun. The median planetary period is 97§
years. The logarithmic means of these probability distributions (which obey
Kepler's third law) are a separation of 2.9 AU, a period of 10.4 years, and
masses of 0.22M, and 5.5M. for the star and planet, respectively. In each plot,
the independent variable for the probability density is listed within square
brackets. The distribution of planet-star mass ratio was taken to be independent
of the stellar mass, and a uniform prior was assumed for the planet-star
separation distribution.
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Fig. 16.— The known extrasolar planets are plotted as a function of mass vs. semi-major axis,
along with the predicted sensitivity eurves for a number of methods, The microlensing planets are
indicated by dark red spots with error bars, and the large red spot with a white dot in the center is
MOA-2007-BLG-192Lb. The blue dots indicate the planets first detected via transits, and the black
bars with upward pointing error bars are the radial veloeity planet detections. (The upward error
bars indicate the l-o sinf uncertainty.) The gold, cyan, and light green shaded regions indicated
the expected sensitivity of the radial velocity programs and the Kepler and SIM space missions.
The dark and light red curves indicate the predicted lower sensitivity limits for a ground based and
space-based (Bennett & Rhie 2002) microlensing planet search program, respectively. The Solar
System’s planets are indicated with black letters.




Table 2. Parameter Values and MCMC Uncertainties - without prior

parameter

value

2-0 range

M
m
N
Dy,
Is
q

0.039 1092 My,
2312 M
0.58+51% Ay
1.3 £0.5kpe
21.44 £0.08

1.9+£08x 107

0.019-0.113M;,

0.9-14.4M
0.32-1.04 AU

0.5-2.3kpe

21.30-21.60
0.6-6.4 x 10~

Table 3. Parameter Values and MCMC Uncertainties - with prior

parameter

value

2-0 range

M
m
-
Dy,
Is
q

0.060 095 Ar, 0.024-0.128M,

=0.021
33190,
0.621322 AUy
1.0+ 0.4kpe
21.44£0.08
1810 x 104

1.0-17.8My,
0.33-1.14 AU
0.5-2.0kpe
21.31-21.61
0.5-7.1 x 104
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Microlensing towards M31
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Abstract Pixel lensing is gravitational microlensing of unresolved stars. The
main target explored up to now has been the nearby galaxy of Andromeda,
M31. The scientific issues of interest are the search for dark matter in form
of compact halo objects, the study of the characteristics of the luminous lens
and source populations and the possibility of detecting extra-solar (and extra-
galactic) planets. In the present work we intend to give an updated overview
of the observational status in this field.

Keywords Gravitational lensing - M31 - dark matter
PACS 95.75.De - 98.56.Ne - 95.35.4+d



Table 1 Completed and ongoing microlensing campaigns towards M31. Fifth column: num-
ber of microlensing candidate events, in bracket those that are no longer considered as such
(see text for details) and in particular not reported in Table 2 and in Fig. 2.

collaboration years telescope f. 5% 4+ events ref

VATT/Columbia 1997 1.8m VATT 2 x (113" % 11.3)) (3)43 (36: 37)
1997-1999 1.3m MDM 2% [T % 17
MEGA 1999-2002 2.5m INT 2% (83 x 33") (4)+14 (38; 39)
AGAPE 1994-1996 2.0m TBL 6 x (4.5 x 4.57) Al (26; 40)
SLOTT-AGAPE  1997-1999 1.3m MDM 2y (17 %17 (5)+3 (41: 42)
POINT-AGAPE  1999-2001 2.0m INT 25 (33 ¥ a8 7 (44; 49; 45; 46; 34)
WeCAFP 1997-2008 P K% s iy 2 (47; 48)
0.80m We 8.8 %8.3

Nainital 1998-2002 1.04m Sa 13 & 318 1 (43)

ANGSTROM 2004~ LT &2 BTN 4.6 X 4.6' - (50)
PLAN 2006- 1.5m OAB 2% (1% x12.87) 2 (51; 35)




Table 2 Candidate microlensing events reported towards M31, as shown in Fig. 2. Seventh
column: ‘#” indicates that the colour is V' — R, ‘x%’ indicates that the colour is B — R.

id RA DEC dvst trwaMm ARmax R—1 name REF
(deg) (deg) (arcmin) (days)
1 10672917 41.277528 0.72 Bd 17.9 0.8(**) AGAPE-Z1 (40)
2 10.713333  41.398972 7.89 1.8 20.8 1.20%] PA-N1/MEGA-ML16  (44; 39)
3 11.087083  41.479111 22.07 22.0 19.1 1.0(*) PA-N2/MEGA-ML7 (45; 38)
4  10.626250  41.216833 4.10 D 18.8 0.6 PA-S3/GL1 (45; 48; 46)
5 10.625000  40.896139 22.55 2.0 20.7 0.0 PA-S4/MEGA-ML11 (49; 38; 46)
6  10.552083  41.358333 8.01 16.0 21.0 2.2 C3 (42)
7 10.606667  41.440833 10.87 13.0 21.3 1.1 C4 (42)
8 10.470000  41.288333 9.74 14.0 21.8 0.5 Ch (42)
9 10.636667  41.332361 4.36 5.4 - L.l GL2 (48)
10 10.845417  41.091667 12.90 26.5 222 - 97-1267 (37)
11 10.762083  41.120694 9.58 173 20.3 - 97-3230 [3F)
12 10.988750  41.198972 14.36 2.2 21.8 - 99-53688 (37)
13 10.793750  41.296611 5.19 5.4 21.8 0.6 MEGA-ML1 (38)
14 10.799583  41.295444 5.42 4.2 21.5 0.3 MEGA-ML2 (38)
15 10.815833  41.347833 7.56 Bud 21.6 0.4 MEGA-ML3 (38)
16 10.852083  41.630667 22.95 27.5 225 0.6 MEGA-MLS& (38)
17 11.195000  41.685194 33.90 o 2.0 0.2 MEGA-MLSY (38)
18 10.978750  41.175917 14.41 44.7 22.2 1.1 MEGA-MLI10 (38)
19  10.760417  40.752556 31.19 26.8 B 0.8 MEGA-ML13 (38)
20 10.927083  40.709417 35.34 25.4 22.5 0.4 MEGA-ML14 (38)
21 10.509583  40.909722 22.98 2.4 19.5 -0.1 (PA-S16) (46)
22 10.544583  41.329278 T.27 1.8 20.8 0.5 PA-N6 (34)
23 10.677500  41.211889 S48 el 20.8 0.8(*) PA-S7 (34)
24 10.888750  41.128889 12.49 59.0 20.1 1.3 NMS-E1 (43)
25 10.788750  41.348167 6.67 16.1 B 0.5 MEGA-ML15 (39)
26 10.481667  40.938889 21.85 10.1 22.2 0.4 MEGA-MLI17 (39)
27 10.822083  41.037139 15.25 33.4 22.7 0.5 MEGA-MIL18 (39)
28  10.737500  41.380556 7.09 7.1 o B 1.0 OAB-N1 (35)
25 J0.708338 2 Al3LLLII 2.73 R 19.1 1.1 OAB-N2 (35)
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Fig. 4 The light curves for three pixel lensing (candidate) events observed towards M31.
From top to bottom: AGAPE-Z1 (Figure reproduced from Fig. 3 of (40)); POINT-AGAPE
PA-N2/MEGA ML7 (Figure adapted from (45)); POINT-AGAPE S3/WeCAPP GL1 (Fig-
ure adapted from (45; 48)). The dashed curves represent the best Paczyfiski light curve fits.
The units on the axes (middle and bottom panels) are the same as in the top panel. Middle
panel: empty /filled circles and filled boxes are for ¢/, and i’ band data respectively (black,
red and blue in the colour version). Bottom panel: circles and boxes are for R and I band
data, filled and empty symbols for the POINT-AGAPE and WeCAPP data sets.
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Abstract. Pixel lensing is the gravitational microlensing of light from Ived stars contributing (o the 1 ity flux
collected by a single pixel. A star must be sufficiently magnified. that is, the lens impact parameter must be less than a threshold
value uy if the excess photon flux in a pixel is to be detected over the background. A ing the of the Isaac
Newton Telescope and typical observing conditions, we present maps in the sky plane towards M 31 of threshold impact
parameter, optical depth, event number and event time scale, analyzing in particular how these quantities depend on wy in
pixel lensing searches. We use an analytical approach consisting of averaging on wy and the star column density the optical
depth. microlensing rate and event duration time scale. An overall decrease in the expected optical depth and event number
with respect to the classical microlensing results is found, particularly towards the high lTuminosity M 31 inner regions. As
expected, pixel lensing events towards the inner region of M 31 are mostly due to self-lensing, while in the outer region dark
events dominate even for a 20% MACHO halo fraction. We also find a far-disk/near-disk asymmetry in the expected event
number, smaller than that found by Kerins (2004). Both for self and dark lensing events, the pixel lensing time scale we obtain
is =1-7 days. dark events lasting roughly twice as long as self-lensing events. The shortest events are found to occur towards
the M 31 South Semisphere. We also note that the pixel lensing results depend on (ur) and (u]?} values and ultimately on the

observing conditions and telescope capabilities.

Key words. 1 lensing — Galaxy: halo
— methods: observational

1. Introduction

Pixel lensing surveys towards M 31 (Crotts 1992; Baillon et al.
1993) can give valuable information to probe the nature of
MACHOs (Massive Astrophysical Compact Halo Objects) dis-

d in microlensing experiments ds the LMC and
SMC (Large and Small Magellanic Clouds) (Alcock et al.
1993: Aubourg et al. 1993) and also address the question of
the fraction of halo dark matter in the form of MACHOs in
spiral galaxies (Alcock et al. 2000).

‘This may be possible due to both the increase in the num-
ber of expected events and because the M 31 disk is highly in-
clined with respect to the line of sight and so microlensing by
MACHOs distributed in a roughly spherical M 31 halo give rise
to an unambiguous signature: an excess of events on the far side
of the M 31 disk relative 1o the near side (Crotts 1992).

Moreover, M 31 surveys probe the MACHO distribution in
adifferent direction to the LMC and SMC and observations are
made from the North Earth hemisphere, probing the entire halo
extension.

logy: dark matter — galaxies: mdividual: M31

The Pixel lensing technique studies the itational mi-
crolensing of unresolved stars (Ansari et al. 1997). In a dense
field of stars, many of them contribute to each pixel. However,
if one unresolved star is sufficiently magnified, the increase of
the total flux will be large enough to be detected. Therefore,
instead of monitoring individual stars as in classical microlens-
ing, one follows the luminosity intensity of each pixel in the
image. When a significative (above the background and the
pixel noise) photon number excess repeatedly occurs, it is at-
tributed to an ongoing microlensing event if the pixel luminos-
ity curve follows (as a function of time) a Paczynski like curve
(Paczynski 1996).

Clearly, variable stars could mimic a microlensing curve.
These events can be recognized by performing observations in
several spectral bands and monitoring the signal from the same
pixel for several observing seasons to identify the source.

Two  collaborations, MEGA  (preceded by the
VATT/Columbia survey) and AGAPE have produced a
number of mi ing event which show a rise
in pixel luminosity in M 31 (Crotts & Tomaney 1996; Ansari
etal. 1999; Auriere et al. 2001; Calchi Novati et al. 2002).

Ry
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Fig. 5. In panel a), the instantancous pixel lensing event number density (1 E,(x.y)) maps (events per arcmin®) towards M 31 are given for self,
dark and total lensing. In panel b) maps of pixel lensing event rate (E,,(x. )) (events per year and per arcmin®) are given, in the same cases.

expected total number of events detectable by monitoring for |
year the 100 x 70 arcmin® region oriented along the major axis
of M 31 (events within & arcmin from the center are excluded).
The first four lines refer to the models considered in Table 1 and
to the parameters in the third row of Table 2. As one can see,
the obtained results for the Reference model are intermediate
with respect to those for the other more extreme models.

In the last row of Table 3, for the Reference model we show
how the expected event number changes considering a differ-
ent value of (ur)s = 1.44 x 1072 (see Sth row in Table 2). As
expected, one can verify that roughly the event number scales
as (ur)g.

Similar results have been obtained in previous simulations
(see, e.g. Kerins 2004, and references therein). We also note
that our numerical results scale with the fraction of halo dark
matter in form of MACHOs and with the MACHO mass by a
factor ( fyacio/0.2) VO.5 Mo/m).

In Table 4 we give the total event number (£;) for different
lens populations (bulge, disk and halo) located in M 31. As one

To study the far-disk/near-disk asymmetry, in the last three
columns of Table 4 we give results for the South/North M 31
Semispheres and in brackets their ratio. For the Reference
model, we find that self-lensing events are roughly symmetric
(the same is true for lenses located in the MW disk and halo, not
given in the table), while events due to lenses in M 31 halo are
asymmetrically distributed with a ratio of about 2. The asym-
metry is particularly evident (in the last column of the table)
for sources located in the disk.

In Table 5 the instantaneous total number of events (7E,)
within the considered M 31 region is given. The first four rows
refer to the parameter values {my) ~ 0.31 Mg, (mg) = 0.53 Mo,
Suaco = 0.2 and ¢u?)y = 9.56 x 107 (used throughout the
paper). For comparison with the results obtained by Kerins
(2004), in the last four rows of Table 5 we present our re-
sults for (my) = 0.5 Mo, (ma) = 0.5 Mo, fuacuo = 1 and
(g = 117 % 107, The asymmetry ratio we obtain is always
rather smaller than that quoted by Kerins (2004).

As it has been mentioned by several authors, in order to
discriminate between self and dark lensing events, it is impor-

can see, the ratio dark/total events depends on the i
model, varying from 0.07 (for the massive disk model) to 0.40
for the massive halo model.

tant to analyze the event duration. Indeed self-lensing events
are expected to have, on average, shorter duration with respect
to events due to halo MACHOs.
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is given as a ion of the y for the R model.
The dashed line refers to dark lensing events by MACHOs in M 31
and MW halos while the solid line is for self-lensing events by stars
in M 31 bulge and disk.

6.4. Pixel lensing event time scale

Maps of mean event duration time scale in classical and pixel
lensing are shown in Figs. 6a and 6b.

Here we use the probability, for each location of sources
and lenses given in Eg. (26), of obtaining event duration maps
for self and dark microlensing events.

As expected, short duration events are mainly distributed
towards the inner regions of the galaxy and this occurs for both
{telx, y)y and {1, (x, y)). The main effect of (u(x, y))y is to de-
crease the event time scale, in particular towards the inner re-
gions of M 31, giving a larger number of short duration events
with respect to expectations based on (1.(x, y)) calculations.

Both for self and dark events the pixel lensing time scale
we obtain is =1-7 days, in agreement with results in Kerins
(2004), but much shorter with respect to the duration of the
events observed by the MEGA Collaboration (de Jong et al.
2004). This is most likely due to the fact that current experi-
ments may not detect events shorter than a few days.

However, the pixel lensing time scale values depend on
{up(x, y))y and ultimately on the observational conditions and
the adopted analysis procedure. Indeed from Table 2 one can
see that the {up(x, y)ys value may be easily doubled, changing
the adopted parameters and therefore giving longer events.

In Fig. 8 the pixel lensing event duration (f,(y)) averaged
along the x direction is given as a function of the y coordi-
nate. The dashed line refers to dark lensing events by MACHOs







There were two claims in the article.

eExoplanets with masses less than Earth mass may be
detected with pixel lensing using present observational
facilities.

eThe pixel lensing event candidate observed by PLANET—
AGAPE collaboration in 1999 may be fitted by a planetary
system in Andromeda galaxy with a mass exoplanet about 5—
/ Jupiter masses.
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ABSTRACT

We study the possibility to detect extrasolar planets in M31 through pixel-lensing observations.
Using a Monte Carlo approach, we select the physical parameters of the binary lens system, a
star hosting a planet, and we calculate the pixel-lensing light curve taking into account the finite
source effects. Indeed, their inclusion is crucial since the sources in M31 microlensing events
are mainly giant stars. Light curves with detectable planetary features are selected by looking
for significant deviations from the corresponding Paczyriski shapes. We find that the time-
scale of planetary deviations in light curves increase (up to 3—4 d) as the source size increases.
This means that only few exposures per day, depending also on the required accuracy, may
be sufficient to reveal in the light curve a planetary companion. Although the mean planet
mass for the selected events is about 2 Myypiter, €ven small mass planets (Mp < 20 Mg) can
cause significant deviations, at least in the observations with large telescopes. However, even
in the former case, the probability to find detectable planetary features in pixel-lensing light
curves is at most a few per cent of the detectable events, and therefore many events have to be
collected in order to detect an extrasolar planet in M31. Our analysis also supports the claim
that the anomaly found in the candidate event PA-99-N2 towards M31 can be explained by a
companion object orbiting the lens star.

Key words: gravitational lensing — Galaxy: halo — galaxies: individual: M31.
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Hint of planet outside our galaxy
By Jason Palmer
Science and technology reporter, BBC News

Astronomers believe they have seen hints of the first planet to be
spotted outside of our galaxy.

Situated in the Andromeda galaxy, the planet appears to be about six
times the mass of Jupiter.

The method hinges on gravitational lensing, whereby a nearer object ¢
bend the light of a distant star when the two align with an obs:

The results will be published in Monthly Notices of the Royal
Astronomical Society (MNRAS).

The team, made up of researchers from the National Institute of Nucle:
Physics (INFN) in Italy and collaborators in Switzerland, Spain, and
Russia, exploited a type of gravitational lensing called microlensing.
The effect of large, massive objects between an observer and a distant
planet or star can cause distortion or multiple images as the
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First Planet in Another Galaxy Possibly Found

Friday, June 12, 2009

FOX NEWS

The Andromeda galaxy in a NASA composite image.
Astronomers may have found the first planet in another galaxy,
according to New Scientist magazine.
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- June 14, 2009
Planet 'spotted' in Andromeda galaxy
Astronomers believe they may have discovered the first planetver detected in another galaxy. The new world was apparentlyigipsed in the closest
giant spiral galaxy to the Milky Way, Messier 31 in the constellatiof Andromeda. It lies an incredible 2.5 million light-years away - todar normally
to be seen. But it revealed itself thanks to a phenomenon calmicrolensing where the gravitational field of an object closeto Earth acts like a
magnifying glass.
Astronomers believe they may have discovered the first planetver detected in another galaxy. The new world was apparentlyigipsed in the closest
giant spiral galaxy to the Milky Way, Messier 31 in the constellatiof Andromeda.

It lies an incredible 2.5 million light-years away - too far ndiyni@ be seen.
But it revealed itself thanks to a phenomenon called microlendiegesthe gravitational field of an object closer to Earthlikets magnifying glass.

Amazingly, it has taken the astronomers five years to rahbd¢hey probably netted an extra-galactic planet. They observedlapmicrolensing event
while studying the Andromeda galaxy - which can be seen as a dimitiithesunaided eye - in 2004.

The international team, using the UK's Isaac Newton Telescope Qattaey Island of La Palma, thought at the time that they had recpadof stars
orbiting each other.

But computer simulations and other calculations have persuadedihietingy actually observed a star with a smaller, planet sareganion about six times
bigger than Jupiter.

More than 300 so-called exoplanets have been found orbiting other starewnogalaxy. And NASA has launched a $595 million spaceprobe called Kepler

Picture: A photo of the galaxy M31 in visiblelight. (Photo: ).
* Discover space for yourself and do fun science with a telescopeidHgkymania's advice on . We also have &

©PAUL SUTHERLAND,
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The quest for Extragalactic Exoplanets begins...

by Alexandre Costa on Jan.14, 2010, under Extrasolar Planets

Source: arXiv:1001.2105v1

While the most distant exoplanets detected until today are OGLE-05-390L b, MOA-2007-BLG-400-L b at
around 6,500 & 6,000 parsecs, which roughly means ~21,190 & ~19,500 light-years away respectively, an
international team of astronomers proposes a new obscrvational method that they believe will allow the
detection of exoplanets in the Andromeda galaxy (M31) that is at a distance of 2.9 million light-years from us.
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A simulation of the exp d microlensing event. Credit: Ingrosso er al. (2009)

The authors think that that exoplanets in the M31 galaxy may be detected with the pixel-lensing method by
using telescopes making high cadence observations of an ongoing microlensing event.Although the mean mass
for detectable exoplanets is about 2 My, even small mass exoplanets (inferior to 20 Earth masses) can causc
significant deviations, which are observable with large telescopes. (read more)

Link:

6/23/2010 5:44




Planet : PA-99-N2 b

THE PLANET

Basic data:

Name/ PA-99-N2 b

Discoverecin |[200¢

M.sin 1|6.34M;

Update|16/06/09

http://exoplanet.eu/planet.php?pl=PA-99-N2&p2=b&sRabli=yes&sortByDate



Remarks:

Reanalysis of data by An et al 2004

4 related publications:

AN J., EVANS N., KERINS E., BAILLON P., CALCHI NOVA S., CARR J., CREZE M.,
GIRAUD-HERAUD Y., GOULD A., HEWETT P., JETZER Ph. ARPLAN J., PAULIN-
HENRIKSSON S., SMARTT S., TSAPRAS Y. & VALLS-GABAUD. (The POINT-
AGAPE Collaboratior , 2004

The anomaly in the candidate microlensing event PA-99-N2
Apd., 601, 845

INGROSSO G., CALCHI NOVATI S., DE PAOLIS F., JETZHM., NUCITAA. &
ZAKHAROV A. , 2009

Pixel-lensing as a way to detect extrasolar planets in M31
MNRAS, 399, 219
accepted



WRIGHT J., MARCY G. & the California Planet Survey
consortium, 2010

INGROSSO G., CALCHI NOVATI S., DE PAOLIS F., JETZHF., NUCITA
A. & ZAKHAROV A., 2010

In |1 Italian-Pakistani Workshop on Relativistic Astrophysics, Pescara 20(
:arXiv:1001.4342



Distance 670000pc




Andromeda Galaxy
From Wikipedia, the free encyclopedia

n eda

microlensin o
[26]

Ita,

"Pixel-lensing as a way to detect extrasolar
lanets in M31" http://arxiv.orq/abs/0906.1050
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Figure 3. Normalized distributions of Ryqs for events with x2 > 4 and Ngeeq > 3, assuming a telescope diameter D = 8 m.
Events with p/uo > 1 (solid line) and p/ug < 1 (dashed line) are shown.
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Figure 4. Event of the I class #1 (see Table 2). The upper panel shows the simulated light curve and the corresponding best
fit model (a Paczyrski light curve modified for finite source effects). The lower panel gives the difference.
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Figure 5. The same as in Fig. 4 for the I class event #2 (see Table 2).
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Figure 6. The same as in Fig. 4 for the second class event #3 (see Table 2).
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Figure 7. The same as in Fig. 4 for the second class event #4 (see Table 2).
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Figure 11. Scatter plot of the planet mass (in unit of Earth mass) vs planet distance (in Astronomical Units).
The solid thick line delimits the region (upper and left) of planet detection accessible by the radial velocities,
transit and direct imaging methods. The eight small boxes are the planets detected by the microlensing
technique. Starting from a sample of 40,000 detectable pixel-lensing events (D = 8 m), 630 selected events
(indicated by black dots) with x: > 4, Ngooq > 3 and {(€)max > 0.1 show planetary features and among these 48
events have Mp < 20 Mg.
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"A Giant Planet Around a Metal-Poor Star of Extragalactic
Origin" by Setiawan et al at
http://www.sciencemag.org/content/early/2010/11/17/science.1193342

M=1.25M Jup
P =16.3 days:
http://exoplanet.eu/planet.php?pl1=HIP+13044&p2=Db

Personal note (JS): the extra-galactic origin of the star does not prove
that the planet b is also of extragalactic or
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Temporal evolution of the discoveries

Il. Towards longer-period and multi-planet systems
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Exoplanetary event
OGLE-2005-BLG—-390
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S. Mao & B. Paczynski (1991), PaczynskKi
(1996) claimed that the most efficient
technique to find light exoplanets at large
distances (near thesalled snow line) from
host stars isicrolensing.



Conclusions

 Polarization is a very important tool to verify of binary
ML model (or star+planet as a microlens) for detected
candidates

 Model parameters could be clarified (including
Information about a proper motion of a source in
respect of gravitational microlens system) with the
technigue






